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The connection between contact geometry and fatigue in tapered roller bearings 
utilized in the railroad environment is still of interest.  Roller bearings for railroad 
applications are typically precision ground with crowned contact geometries to prevent 
edge loading of components.  This normally results in completely elastic Hertzian contact 
stresses under standard railcar loads.  However, under extreme load conditions, detrimental 
edge loading has been known to occur.  It is proposed to develop a tool, using finite 
  
 
element analysis, that can be utilized to optimize complex raceway crown geometries for 
severe applications.   
A successful implementation of this tool is presented and validated using proven 
Hertzian contact theory.  Correlation within 5% of the ultimate surface and subsurface 
stress magnitudes, using finite element modeling, in contrast with proven contact theory is 
achieved.  In addition, analyses of other load conditions and contact geometries in order to 
illustrate the practical application of the tool are exhibited.  
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1.  Introduction 
 
Increasing freight car loads demand higher performance tapered roller bearings.  As 
the stress state on railway bearing applications continues to increase, further advancement 
in the modeling tools and methods used for subsurface contact stress evaluations are 
needed.  Heat treat specifications and contact geometries for railway bearings were 
originally developed for ideal load conditions.  However, in railroad applications, tapered 
roller bearings are exposed to a vast range of load conditions that are seldom perfect.  
Moreover, when comparing global rail markets, there are often differences in bearing 
loads, railcar wear conditions, maintenance practices, and reliability versus utilization 
expectations.  Advanced modeling techniques need to be developed by bearing designers 
in order to meet the specific needs of each individual rail market.   
Prior research has shown that subsurface stresses, resulting from rolling contact, are 
the primary factor in the development of fatigue cracks in railway bearings.  In addition, 
finite element modeling software has previously been used to analyze Hertzian contact 
stresses under rolling contact.  Recent advancements in the technology and computational 
power of finite element methods allow engineers to numerically analyze more detailed 
simulations of complex geometries and biased load conditions in railway bearings.  These 
improvements in the tapered roller bearing modeling methodology are necessary to 
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determine the material, heat treat specifications, and geometry required to meet the 
demands of specific railway bearing applications.   
As an introduction to the work presented, the specific risks associated with some 
common railway bearing design and modeling assumptions will be evaluated.  An 
exploratory list of these assumptions include:  line versus point contact, load deflection 
factor, zero contact angle, rigid body assumptions, linear material behavior, neglect for 
overload, perfect geometric alignment, and uniform loading on the bearing.  Emphasis will 
be placed on potential improvements in the theoretical and finite element prediction of 
surface and subsurface stresses in railway bearings under rolling contact with a review of 
prior research on the subject. 
Hertzian contact stresses have been well documented and researched.  There has 
also been significant improvement in finite element contact modeling technology since 
specific tapered roller bearings for railroad bearings were last modeled [1].  Hertzian 
theory will be used to validate finite element results for simple contact geometries with 
constant radii.   This will be done through a comparison of subsurface stress magnitudes, 
subsurface stress locations, and the prediction of edge loading using the semimajor axis of 
the projected Hertzian contact ellipse.  Prior work oversimplified the Hertzian contact 
problem in the railroad tapered roller bearing with crowned raceways by assuming a 
Hertzian line contact rather than Hertzian point contact [1]. 
  Bearing failures continue to be an area of concern in the railroad industry.  
Although many improvements have been made over the years with regards to steel 
cleanliness, lubrications, heat treatment, and contact geometry; further optimization is 
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desired to improve bearing life in railcar applications.  Bearings utilized in rail applications 
are exposed to a unique set of load conditions that require special consideration.  Prior 
research has been conducted on specific automotive and aerospace bearing applications, 
with attention to the specific load conditions that arise in those environments.  However, 
there is little work associated with the unique challenges faced in rail bearing design.  
Given the vast range of railcar designs, load conditions, environmental exposures, and 
remanufacturing standards, advanced bearing life prediction tools are required to optimize 
detailed designs.  Whether design changes are required for cost reduction or design 
optimization for a particular application, finite element and other new design 
methodologies will be advantageous when attempting to meet the needs of the industry.  
In the Introduction, classic bearing capacity and life prediction methods, as they 
pertain to various bearing applications, are reviewed while the relevance of surface and 
subsurface stresses are highlighted.  Then, some issues that affect the accuracy of these 
methods are discoursed along with specifics of the novel modeling methodology 
nominated for further evaluation.  
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1.1  Surface Contact Stress in Fatigue Life Prediction and Railroad 
Tapered Roller Bearings 
 
 Common probabilistic bearing life prediction standards are based on the 
assumptions of proper alignment, even load distribution, and good lubrication.  Bearing 
life is expected to be merely a function of material fatigue when taking these assumptions 
into consideration.  More precisely, fatigue is expected to be initiated by subsurface 
Hertzian stresses below the surface of the raceway.  Under perfect assumptions, the 
location and magnitude of these stresses can be calculated using classical Hertzian 
equations [2].  It should be noted that for line contacts, the limit of validity of Hertzian 
theory is exceeded whenever edge pressure occurs.  Depending on the life prediction 
theory referenced, the most important stress is the maximum orthogonal shear stress [3], 
the maximum shear stress [4], or the von Mises stress [5].  Lundberg and Palmgren [3] 
suggest that the probability of survival of a bearing, S, can be related to an exponential 
relationship of maximum orthogonal shear stress, 𝜏𝑜, the load cycles of repeated 
concentrated stress  
𝑁 = 𝐴 (
1
𝜏𝑜
)
𝑐/𝑒
(
1
𝑎𝑍𝑜𝑙
)
1/𝑒
(𝑍𝑜)
ℎ/𝑒, (1)  
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the depth of orthogonal shear stress, 𝑍𝑜, and the stressed volume as 
𝑙𝑛
1
𝑆
~
𝜏𝑜
𝑐𝑁𝑒𝑎𝑙
𝑍𝑜
ℎ−1 . (2)  
Where the volume component in this relationship is a multiple of the semimajor axis of the 
Hertzian contact ellipse semi-length, 𝑎, the circumferential length of the raceway, 𝑙, and 
the depth of orthogonal shear stress by way of 
𝑉 = 𝑎𝑍𝑜𝑙. (3)  
Zaretsky alternatively suggests that the probability of survival can be related to the 
maximum shear stress 𝜏𝑚𝑎𝑥, and the depth of the maximum shear stress  𝑍𝑚𝑎𝑥, through 
𝑙𝑛
1
𝑆
~𝜏𝑚𝑎𝑥
𝑐𝑒 𝑁𝑒𝑎𝑙𝑍𝑚𝑎𝑥. (4)  
Where the volume component becomes  
𝑉 = 𝑎𝑍𝑚𝑎𝑥𝑙 (5)  
and the load cycles of repeated concentrated stress is  
𝑁 = 𝐴 (
1
𝜏𝑚𝑎𝑥
)
𝑐
(
1
𝑎𝑍𝑚𝑎𝑥𝑙
)
1/𝑒
. (6)  
Furthermore, with regards to von Mises stress, Rinder suggests a probability of survival 
relationship        
ln
1
𝑆
~
𝑁𝑒
𝑍0
ℎ 𝑝0
𝑐 ∫ (
𝜎𝑒−𝑆𝑢
𝑝0
)
𝑐
𝑑𝑉
 
𝑣
, (7)  
where 𝜎𝑒 is the von Mises stress below the surface, 𝑆𝑢 is the endurance strength of the 
material, and 𝑝𝑜 is the maximum Hertzian contact pressure.  It should be noted that if 
(𝜎𝑒 − 𝑆𝑢) < 0 for any region of material within the specified volume, it will not be 
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included in the integral.  Ioannides and Harris et al. [6] use a step function for this type of 
relationship between endurance strength and a stress related fatigue criterion.  In equations 
(1), (2), (4), (6), and (7) the variables A, c, e, and h are all proportionality or material 
constants that must be evaluated empirically.  Depending on the quality and type of bearing 
evaluated, these material and proportionality constants may need adjustment.  In equations 
(3) and (5), the semimajor axis of the contact ellipse 𝑎 is commonly replaced with the 
effective length of the raceway perpendicular to the direction of rolling for roller bearings.  
While the Lundberg and Zaretsky volumes are based solely on the depth of the maximum 
shear stress of concern, regardless of material properties, the Rinder volume takes into 
account the endurance limit of the material.  For the Rinder fatigue life predictions, the 
integration covers the entire subsurface area stressed above the endurance limit of the 
material.  This approach is more rational than the Lundberg and Zaretsky approach, given 
the random orientation of defects and inclusion types in bearing quality steel such as 
classified by Ebert [7]. This method is developed even further by Losche [5], Ioannides 
[6], and Harris [8] by removing the weight averaging of the depth of the critical stress 
peak.  In addition, the inclusion of the endurance limit in the prediction of the probability 
of survival suggests that some bearing designs can achieve infinite life [6], contrary to the 
initial theories of Lundberg and Palmgren.  However, there is still ongoing debate about 
this notion, as recently described by Zaretsky [9].  
 When comparing equations (2), (4), and (7), it can be seen that given the range and 
complexity of bearing life theories presented, advanced modeling tools such as finite 
element can be very helpful when optimizing bearing designs.  Finite element models will 
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allow for simple determination of all the critical stresses used in the survival probability 
relationships previously discussed.  Once the accuracy of the finite element modeling 
methodology for each basic design is validated, various stresses can be derived from strain 
results.   
Current industry standards are still based on the early works of Lundberg and 
Palmgren, related to the maximum orthogonal shear stress [3,10].  As evidence of this, per 
the ANSI/ABMA standard [11], the basic fatigue rating life 
𝐿10 = 𝑎2𝑎3 (
𝐶𝑑
𝑃𝑟
)
𝑝
 (8)  
is still calculated based on Lundberg and Palmgren theory, where 𝐶𝑑 is the dynamic load 
capacity and 𝑃𝑟 is the dynamic equivalent load.  The load life adjustment factor  
𝑝 =
𝑐 − ℎ + 1
2𝑒
 (9)  
is 10/3 for roller bearings and  
𝑝 =
𝑐 − ℎ + 2
3𝑒
 (10)  
is 3 for ball bearings in the ANSI/ABMA standard.  However, the load life adjustment 
factor in equation (10) ranges from 3 to 5, depending on the type of bearing and analysis 
referenced [3,8,10,12].  Synchronously, the life adjustment factor for special bearing 
properties 𝑎2 and the life adjustment factor for operating conditions 𝑎3 are both left up to 
the individual manufacturer’s expertise.  In addition, the standard suggests that an 
optimized adjustment factor for special bearing properties 𝑎2 cannot be used in 
combination with an adjustment factor for operating conditions 𝑎3 of less than 1; where 
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ideal lubricant and environmental conditions are required to achieve a 𝑎3 value equal to 1.   
This would suggest that there is no expectation for design improvement in bearings that are 
not exposed to the ideal lubrication conditions described in the ANSI/ABMA standard.  
Conversely, the research presented in this thesis contradicts the ANSI/ABMA standard in 
that cognitive. As railroad bearings are often not exposed to ideal lubricant and 
environmental conditions, areas for improvement in special bearing properties, including 
detailed design geometry, will be studied.    Commonly, bearing industry research suggests 
that a 𝑎3 value of 1 requires that  𝜀 is greater than 1, at a minimum, where 
𝜀 =
ℎ
𝑅𝑟𝑚𝑠
 . (11)  
In equation (11), ℎ is the minimum lubricant film thickness between raceway contacts and 
𝑅𝑟𝑚𝑠 is the composite root mean square roughness of the contacting surfaces [13].   ℎ is 
also a function of the contact pressure at the surface [14], which can be attuned through 
alterations to design geometry, as will be revealed in the following chapters. 
 As demonstrated above, for various bearing applications, classical fatigue life 
prediction tools and standards do not account for many of the complex loading scenarios 
that bearings are exposed to.  Some of these complexities that are not accounted for when 
predicting fatigue life of bearings in the railroad industry are as follows:  non-rigid support, 
foreign matter, residual stresses, internal clearances, alignment issues, inadequate 
lubrication conditions, and stress concentrations due to imperfect geometries.  Railroad 
bearing applications also have the added complexity that the life of the product is not 
defined the same as in other industries.  The definition of spalling remains consistent 
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across all industries and is defined in the Association of American Railroads Manual of 
Standards and Recommended Practices Section H-II [15].  However, an inconsistency with 
some other industries is that the fatigue life of the product in the rail industry is not always 
considered complete at the first evidence of fatigue spalling [11,15].  Although some 
industries allow for the remanufacture and restoration of bearing assemblies [12], the 
aggressive raceway fatigue regrinding practices allowed by the Association of American 
Railroads and in other global rail markets are not commonly allowed in other industries.  
These remanufacturing practices have a negative influence on subsurface stress magnitudes 
below the raceway surface.  Alternatively, when resurfacing or replacing components of 
the bearing during reconditioning, the resulting impact on total bearing  life, using the 
product law of probability, can be related as follows: 
           (
1
𝐿10
)
𝑒
= (
1
𝐿𝑖𝑟
)
𝑒
+ (
1
𝐿𝑜𝑟
)
𝑒
+ (
1
𝐿𝑟𝑒
)
𝑒
. (12)  
In equation (12), 𝐿𝑖𝑟  is the estimated reconditioned life of the inner ring, 𝐿𝑜𝑟 is the 
estimated reconditioned life of the outer ring, and 𝐿𝑟𝑒 is the estimated reconditioned life of 
the rolling elements where the Weibull slope e is the same for each of the individual 
components [2,12].   
  In addition to reconditioning practices, the low operating speeds found in some rail 
applications can result in additional surface friction if optimal lubricants are not used.  For 
this reason, extreme pressure (EP) additives are commonly used [7].  However, in contrast, 
one advantage of low speed operation is that it results in low centrifugal and gyroscopic 
forces that can be ignored [16,17]. 
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  Although cylindrical roller bearings are still utilized in some rail bearing 
applications, the primary focus of this investigation is on the specific challenges associated 
with double row tapered roller bearing designs.  These bearings are typically of similar 
composition to that shown in Figure 1, which commonly include one double row outer 
raceway or cup along with two cone assemblies that are assembled with tapered rollers.  A 
spacer is used between the cone assemblies to control internal clearances within the 
bearing and these types of bearings typically operate as a sealed unit that is greased for the 
life of the application under the railcar.  Recently, polymer cage geometries and clearances, 
utilized in cone assemblies, have been enhanced for optimized lubrication conditions and 
bearing life.  Although tapered roller bearings in railcar applications commonly outlast the 
life of the wheel, there is still a need for improved modeling tools for optimization of 
designs, manufacturing processes, and failure analysis of discordant applications.    
 
Figure 1:  Double Row Tapered Roller Bearing for Railcar Applications 
 For specific rail applications, optimized heat treatment and geometry may be 
required to lower the stress state in the bearing.  With regards to heat treatment, case 
hardening depths and retained austenite percentages can be matched to the subsurface 
Outer Raceway 
Spacer 
Cone Assemblies 
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stress demands of the application [18].  A published guideline for case hardened bearings is 
to achieve a case that is approximately 3𝑍𝑜-4𝑍𝑜 of the depth in equation (1) according to 
Harris and Yu [8].  When developing retained austenite specifications for a given 
application, dimensions stability has to be balanced with fatigue life due to stress induced 
austenite to martensite transformations [18].  In addition, bearing design configurations 
and geometries will be tailored as needed.  For example, if it is known that a high degree 
of axle tilting will occur, crown geometry can be adopted accordingly and fatigue life can 
be increased.  It is not uncommon in the rail industry to see the same particular bearing 
design utilized under very different load conditions, depending on which market it is 
operated.  For instance, one market may load a bearing to 32 tonnes per axle while another 
market may load the exact same bearing to 40 tonnes per axle.  Under the more extreme 
loading conditions, for the same basic bearing design, adjusted geometries or material 
properties may be desired by the customer for improved performance.  In addition, 
reconditioning frequencies and standards will need to be developed depending on customer 
reliability versus utilization preferences.  These issues again illustrate that improved 
bearing subsurface localized stress and life prediction tools will only make bearing 
designers more efficient at optimized tapered roller bearings to meet the needs of each 
individual customer.  
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1.2  Surface Stress Modeling Methods and Guidelines in Railroad 
Tapered Roller Bearings 
 
 Assuming ideal conditions, prior bearing research states that optimal bearing 
performance is achieved when the maximum loaded roller is operating under modified line 
contact conditions [2].  Where the total length of the semimajor axis of the roller and 
raceway contact ellipse 2𝑎, falls within the following bounds: 
𝑙 ≤ 2𝑎 ≤ 1.5𝑙. (13)  
Where 𝑙 is the effective length of the roller.  Furthermore, roller crown geometry, and the 
resulting nominal semimajor axis dimensions are typically established through 
multiplication of the dynamic load capacity 𝐶𝑑, of the bearing by some factor 𝑓𝑅𝑅, 
established by the bearing manufacturer [2]. Therefore, the curvature 𝜌, for a roller or 
raceway profile can be established as  
𝜌 =
1
𝑓𝑅𝑅𝐶𝑑
. (14)  
As previously discussed, customary fatigue life prediction standards commonly 
ignore the details associated with line versus point contact stress concentrations and 
bearing life is calculated using the assumptions of Lundberg and Palmgren for most 
applications [3].  This approach allows for the adoption of a routine combination of point 
and line contact in regular designs.  In the railroad environment, this guideline requires 
further investigation and given the wide range of uneven load conditions that can be 
 13 
 
introduced, it is initially suggested that larger multiplication factors may be required for 
the most aggressive rail applications. 
Equation (13) demonstrates that edge loading is commonly expected at the 
maximum loaded roller in typical designs.  However, the magnitude and period of stress 
exposure during edge loading conditions, as Nagatani et al. [19] studies, needs to be 
evaluated by bearing designers.  Typical Hertzian contact theory is not capable of 
predicting surface and subsurface stresses under edge loading conditions and finite element 
or other modeling methods will need to be used for these types of analyses.  Nagatani 
suggests that the raceway should be divided into 𝑗 number of laminas and that the life of 
each lamina should be calculated using the theories of Lundberg and Palmgren.  As a 
result, Nagatani has proposed an alternative subsurface stress criterion and probability of 
survival relationship 
    𝑙𝑛
1
𝑆
~ ∑
𝜏𝑜𝑗
𝑐 𝑁𝑒𝑎𝑗𝑙
𝑍𝑜𝑗
ℎ−1𝑙𝑒𝑓𝑓  (15)  
that is based on the original theories of Lundberg and Palmgren; where the depth and 
location of the maximum orthogonal shear stress is calculated at each lamina location.  
This method can also be applied to the probability of survival relationships developed by 
Rinder, Zaretsky, Ioannides, and Harris.  However, Nagatani warns that singularities may 
occur at the lamina near the edge of the contact in the von Mises or octahedral shear stress 
and uses orthogonal shear stresses for the stress criterion [19].  Using genetic algorithms, 
Kumar [20] takes this method a step further by using design optimization techniques to 
optimize cylindrical roller crown geometry.  In Kumar’s optimization problem, the purpose 
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is to maximize the objective function, which is equation (1).  Furthermore, using a similar 
approach, Krzeminski-Freda et al. [21] studies the load distribution across the surface of a 
roller using an integral form of a modified contact capacity indicator.   
If advanced modeling methodologies can be developed for stress analyses of 
specific applications, then some of the more recent bearing life prediction theories [5,6] 
can be used to estimate life, as these theories can account for peak stresses near the surface 
due to friction and edge loading surface pressure distributions.  Losche [5] suggests that for 
ideal bearing applications, Hertzian subsurface stress calculations are the most significant 
stresses for failure prediction.  Alternatively, under adverse loading conditions, surface 
Hertzian and frictional stresses are the critical factors necessary to predict failure. 
Even with regards to basic Hertzian stress calculations, there is still an ongoing 
discussion regarding whether the orthogonal shear stress, maximum shear stress, or 
octahedral shear stress should be used for fatigue life prediction.  This is evident in the 
survival probability relationships.  Where the octahedral shear stress is different from the 
von Mises stress discussed above, by a factor of  √3 2⁄ .  Harris and McCool et al. [13] 
present a good overview of the advantages of each approach while Losche [5]  and Harris 
[8] argue that octahedral shear stress or von Mises stress should be used.  Furthermore, the 
resulting critical stress volumes necessary for fatigue life prediction associated with each 
approach have been evaluated by Harris [8].  The von Mises and maximum shear 
subsurface Hertzian stress magnitudes directly under the center of a symmetrical point 
contact are displayed in Figure 2.  These stress distributions, calculated by Broszeit [22] 
using Hertzian theory, do not include the influence of any residual manufacturing or 
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frictional surface stresses.  The theoretical prediction of these stresses will be evaluated 
further in this paper along with a novel method of predicting these stresses in tapered roller 
bearings using finite element analysis. 
 
 
Figure 2:  General Case of the Stressing of the Material in Two Crowned Bodies in Hertzian 
Point Contact Broszeit et al. [22]; Contact Radii Two Bodies in Point Contact (left), 
Subsurface Stresses Resulting from Hertzian Point Contact, Including Von Mises 𝝈𝒆 and 
Maximum Shear 𝝉𝒎𝒂𝒙  (center), and Surface Contact Pressure, Including Maximum 
Hertzian Contact Pressure 𝒑𝒐 
 
Consideration of the distributions of loads to individual rollers must also be taken 
into consideration before any of the subsurface stresses above can be calculated.  The 
Stribeck equations, as detailed in Appendix A, are commonly used to determine the 
internal load distribution in bearings [2].  These equations can be used in combination with 
Hertzian contact equations to calculate the surface contact ellipse dimensions for each 
roller, as shown in Figures 3 and 4.  When comparing the results in Figure 4 with equation 
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(13), industry standards would suggest that this example design has been optimized based 
on the length of the semimajor axis of the contact ellipse.   
  
 
Figure 3:  Roller Load Distribution According to Stribeck Equations for Hertzian Contact 
Ellipse Calculation in Figure 4 
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Figure 4:  Contact Ellipse Dimensions According to Hertzian Contact Theory based on Roller 
Load Distribution Calculations in Figure 3 
 
For more complicated roller load distribution scenarios, Andreason et al. [23] has 
developed an alternative method to calculate the load distribution in tapered roller bearings 
with misalignment using numerical methods.  The need for crowned surfaces on tapered 
rolling elements to prevent fatigue and reduced bearing life under misalignment is 
supported by Andreason’s analysis. 
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Additional complexities mentioned above, including residual stresses from 
manufacturing and surface friction effects will be needed to accurately determine the 
absolute stress state in railroad bearings.  Residual stresses, resulting from manufacturing 
methods, typically have a positive effect on bearing performance [7] and can be measured 
using X-ray diffraction [18].  Broszeit [22] has studied the influence of residual and 
frictional stresses on the total surface and subsurface stress magnitudes below and at the 
raceway surface using superposition.  One central finding from this analysis was that the 
entire area surrounding the contact must be studied in order to avoid reaching incorrect 
conclusions concerning the highest stress level in the material.  In further research Broszeit 
and Zwirlein [24] confirm that the maximum equivalent von Mises stress is the preeminent 
stress parameter that should be used when analyzing complex subsurface contact stress 
patterns.  Meanwhile, Broszeit and Zwirlein show that the maximum orthogonal shear 
stress is only useful to a limited extent in complex loading scenarios.  In addition to 
frictional stresses below the surface, poor designs or frictional conditions within the 
bearing can result in roller skewing.  Roller skewing, or angular shift of the roller, can then 
result in additional aggravation to the stress state of the raceway and cage [25].  Raceway 
and cage geometries are designed with the prevention of roller skewing in mind. 
Lubrication also plays a vital role in reducing friction at the surface.  Ioannides, 
Harris, and Yu illustrate how surface friction influences shear stress magnitudes below the 
surface with contour plots [6,8].  In general, good lubrication can minimize frictional 
power loss, assist in heat transfer, protect against corrosion, and prevent debris 
accumulation in the rolling contact path [14].  However, for comparative analyses of 
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different contact geometries and loading conditions, lubricant condition is often assumed 
to be constant and optimal for performance simulations.  Only for detailed stress and 
fatigue life studies will all of the specific surface stresses associated with a particular 
lubrication condition need to be superimposed with rudimentary geometric stresses. 
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1.3  Overview of Novel Methodology Nominated for Tapered Roller 
Bearing Surface and Subsurface Stress Prediction 
 
 As introduced, numerical methods for the prediction of bearing raceway stresses 
have been previously studied and bearing life may be estimated based on the probability of 
survival relationship designated.  The focus of the proposed methodology for bearing 
raceway surface and subsurface stress calculation in this paper will be on the minimum 
principle stress on the surface of the raceway as well as the subsurface stresses at the center 
of the elliptical contact, as illustrated in Figure 2.  Theoretical prediction of surface and 
subsurface contact under common Hertzian contact will be discussed as well as special 
considerations related to tapered roller bearing designs in Chapter 2.  Established bearing 
theory will then be used to validate a finite element method, proposed in Chapter 3, for the 
prediction of the stress state of the bearing raceway under a given load.  Then, the finite 
element method developed will be used to analyze extraordinary load conditions that 
cannot be examined using established bearing theories and areas for future refinement of 
this work will be recommended in Chapter 4.    
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2.  Hertzian Contact, Subsurface Stress Theory, and Tapered 
Roller Bearings 
 
 Hertzian contact theory may be used to calculate surface and subsurface stresses 
with the following assumptions:  the yield strength of the material at the contacting 
surfaces is not exceeded, loading through the contact is perpendicular to the surfaces in 
contact, there is no shear loading at the surface, and the contact dimensions are small 
compared to the radii of curvature of the bodies in contact [2].  It should be noted that the 
theoretical Hertzian calculations presented in this chapter were used to validate a new 
finite element methodology, utilized to predict surface and subsurface contact stresses in 
railroad tapered roller bearings.    
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2.1  Surface Stress under Common Hertzian Contact 
 
Figure 5 below shows two elliptical bodies in point contact with one another.  In 
Figure 5, body I is the upper body and body II is the lower body in contact.  The radius of 
curvature in plane 1 for body I is denoted as 𝑟𝐼1 and the same radius of curvature naming 
convention is utilized for the other elliptical body and plane.  When two elliptical bodies 
are in contact with each other, curvature sum and curvature difference are often used to 
define the contact [2].  Curvature difference 
             𝐹(𝜌) =
(
1
𝑟𝐼1
−
1
𝑟𝐼2
)+(
1
𝑟𝐼𝐼1
−
1
𝑟𝐼𝐼2
)
∑ 𝜌
 , 
(16)  
is a function of curvature sum 
             ∑ 𝜌 =
1
𝑟𝐼1
+
1
𝑟𝐼2
+
1
𝑟𝐼𝐼1
+
1
𝑟𝐼𝐼2
 . (17)  
In order to simplify equations (16) and (17), sometimes curvature 
             𝜌 =
1
𝑟
  (18)  
is used instead of radius of curvature, 𝑟.  
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Figure 5:  Two Elliptical Bodies in Contact with Different Radii of Curvature in each Plane 
 
Using the Hertz assumptions previously discussed, curvature difference may also 
be expressed as 
             𝐹(𝜌) =
(𝑘2+1)𝐸(
𝜋
2
)−2𝐹(
𝜋
2
)
(𝑘2−1)𝐸(
𝜋
2
)
  (19)  
where 
             𝐹 (
𝜋
2
) = ∫ [1 − (
1
𝑘2
) 𝑠𝑖𝑛2(𝜃)]
−1/2
𝑑𝜃
𝜋
2
0
  (20)  
is the complete elliptic integral of the first kind, 
            𝐸 (
𝜋
2
) = ∫ [1 − (
1
𝑘2
) 𝑠𝑖𝑛2(𝜃)]
1/2
𝑑𝜃
𝜋
2
0
  (21)  
is the complete elliptic integral of the second kind, and 
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            𝑘 = 𝑎 𝑏⁄   (22)  
is the elliptical eccentricity parameter for the given contact.  In equation (22), 𝑎 is the 
semimajor axis of the projected contact ellipse, as in equation (1), and 𝑏 is the semiminor 
axis of the projected contact ellipse.  
By assuming a value of the elliptical eccentricity parameter, the curvature 
difference can be calculated using the complete elliptic integrals in equations (20) and (21).  
This process can be repeated until an elliptical eccentricity parameter is found that results 
in a curvature difference equal to that calculated in equation (16).  Once the elliptical 
eccentricity parameter for a given contact, as seen in Figure 5, is determined; the 
semimajor axis of the contact ellipse 
          𝑎 = [(
2𝑘2𝐸(
𝜋
2
)
𝜋
) (
3𝑄
2 ∑ 𝜌
) (
1−𝜀𝐼
2
𝐸𝐼
+
1−𝜀𝐼𝐼
2
𝐸𝐼𝐼
)]
1/3
 , (23)  
the semiminor axis of the contact ellipse 
            𝑏 = [(
2𝐸(
𝜋
2
)
𝜋𝑘
) (
3𝑄
2 ∑ 𝜌
) (
1−𝜀𝐼
2
𝐸𝐼
+
1−𝜀𝐼𝐼
2
𝐸𝐼𝐼
)]
1/3
, (24)  
and the contact deformation 
            𝛿 =
2𝐹(
𝜋
2
) ∑ 𝜌
2𝜋
(
𝜋
2𝑘2𝐸(
𝜋
2
)
)
1/3
[(
3𝑄
2 ∑ 𝜌
) (
1−𝜀𝐼
2
𝐸𝐼
+
1−𝜀𝐼𝐼
2
𝐸𝐼𝐼
)]
2/3
 (25)  
can be calculated for a particular roller load Q.  In equations (23, 24, and 25), 𝐸𝐼 and 𝜀𝐼 
denote the elastic modulus and Poisson’s ratio for elliptical Body I respectively.  Similarly, 
𝐸𝐼𝐼 and 𝜀𝐼𝐼 denote the elastic modulus and Poisson’s ratio for elliptical Body II in contact. 
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Once the dimensions of the elliptic contact region have been established for a roller 
under a contact normal load Q, the maximum compressive stress on the surface 𝜎𝑧𝑚𝑎𝑥, 
which occurs at the center of the Hertzian contact, can be calculated as 
            𝜎𝑧𝑚𝑎𝑥 =
3𝑄
2𝜋𝑎𝑏
. (26)  
Additionally, the normal compressive stress at other locations on the surface inside the 
elliptical Hertzian contact region is often of interest and can be determined using 
            𝜎𝑧(𝑧 = 0) = 𝜎𝑧𝑚𝑎𝑥 [1 − (
𝑥
𝑎
)
2
− (
𝑦
𝑏
)
2
]
1/2
. (27)  
It should be noted that equations (23) – (27) assume infinitely continuous radii of curvature 
in all directions.  It is know that bearing raceways and rollers are not infinitely continuous, 
as raceways commonly have a finite length.  Therefore, roller race contact edge loading 
conditions often occur in traditional designs, as presented in equation (13).  One published 
guideline associated with designing roller bearings for this condition, as shown in equation 
(14) and discussed in the introduction, can be assessed further using finite element 
methods.   
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2.2  Subsurface Stress under Common Hertzian Contact 
 
Once surface contact stresses are established for a given contact geometry, 
subsurface stresses may be calculated using the methods provided by Johnson [26].  As 
described by Johnson, subsurface stresses along the z-axis, directly below the center of the 
contact (Figure 6), may be calculated using the semimajor axis of the contact ellipse, the 
semiminor axis of the contact ellipse, the maximum compressive stress on the surface of 
the contact, and an eccentricity parameter defined as 
            𝑒 = √1 −
𝑏2
𝑎2
. (28)  
 
Figure 6:  Subsurface Stress on Element below Bearing Surface Located on z-axis, directly 
below the Center of the Contact 
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Where subsurface principle stress in the z-direction, may be demarcated as 
            𝜎𝑧(𝑧 < 0) = −𝜎𝑧𝑚𝑎𝑥 (
𝑏
𝑒2𝑎
) (
1−𝑇2
𝑇
) (29)  
with  
            𝑇 = √
𝑏2+𝑧2
𝑎2+𝑧2
. (30)  
Meanwhile, subsurface stress in the x-direction, 
            𝜎𝑥 = 𝜎𝑧𝑚𝑎𝑥 (
2𝑏
𝑒2𝑎
) (−
1
2
(1 − 𝑇) +
𝑧
𝑎
(𝐹(∅) − 𝐸(∅)) + 𝜀 [1 − (
𝑎2𝑇
𝑏2
) +
𝑧
𝑎
((
𝑎2
𝑏2
) 𝐸(∅) − 𝐹(∅))]) 
(31)  
and subsurface stress in the y-direction, 
            𝜎𝑦 = 𝜎𝑧𝑚𝑎𝑥 (
2𝑏
𝑒2𝑎
) (
1
2
(1 + 𝑇) − (
𝑎2𝑇
𝑏2
) +
𝑧
𝑎
((
𝑎2
𝑏2
) 𝐸(∅) − 𝐹(∅)) +
+𝜀 [−1 + 𝑇 +
𝑧
𝑎
(𝐹(∅) − 𝐸(∅))]) 
(32)  
are calculated using incomplete elliptic integrals of the first and second kind.  In equations 
(31) and (32), 𝜀 is the Poisson’s ratio of the material of interest, 
             𝐹(∅) = ∫ [1 − (1 −
1
𝑘2
) 𝑠𝑖𝑛2(𝜃)]
−1/2
𝑑𝜃
∅
0
  (33)  
is the incomplete elliptic integral of the first kind, and 
             𝐸(∅) = ∫ [1 − (1 −
1
𝑘2
) 𝑠𝑖𝑛2(𝜃)]
1/2
𝑑𝜃
∅
0
  (34)  
is the incomplete elliptic integral of the second kind, where 
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             ∅ = cot−1 (
𝑧
𝑎
) . (35)  
Once the subsurface principle stresses are known, the maximum shear stress below the 
surface of the contact may easily be calculated as 
             𝜏𝑚𝑎𝑥 =
1
2
(𝜎1 − 𝜎3)  (36)  
where 𝜎3 is equal to 𝜎𝑧 and 𝜎1 is equal to 𝜎𝑥 or 𝜎𝑦 depending on which stress has a larger 
magnitude at a particular depth below the contact surface.  In addition, the von Mises 
equivalent stress may also be calculated below the surface using 
             𝜎𝑒 =
1
√2
√(𝜎𝑥 − 𝜎𝑦)
2
+ (𝜎𝑦 − 𝜎𝑧)
2
+ (𝜎𝑧 − 𝜎𝑥)2 + 6(𝜏𝑥𝑦2 + 𝜏𝑦𝑧2 + 𝜏𝑧𝑥2 ) 
(37)  
Observing that the stresses in equations (29), (31), and (32) are principle stresses 
calculated along the z-axis, directly below the center of the contact, equation (37) may be 
simplified further as 
             𝜎𝑒 =
1
√2
√(𝜎𝑥 − 𝜎𝑦)
2
+ (𝜎𝑦 − 𝜎𝑧)
2
+ (𝜎𝑧 − 𝜎𝑥)2 
(38)  
along the z-axis in Figure 6.   
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2.3  Special Considerations Related to Hertzian Contact Calculations in 
Tapered Roller Bearings – Bearing Geometry 
 
 Hertzian contact stress theory for two elliptical surfaces in contact has been 
reviewed.  Subsequently, some of the specific concepts related to stress prediction in 
tapered roller bearings should be further considered.  Two concepts related to tapered roller 
bearing geometry, important for initiation of stress calculations, include crown height 
relationships and the radius of curvature of a tapered surface.  Both of these geometric 
concepts, related to tapered roller bearing design, will be discussed further below.  
 Prior to introducing details related to the macrogeometry of tapered roller bearing 
designs, it is helpful to outline some common nomenclature associated with these types of 
bearings.  The naming conventions commonly used for tapered roller bearing features, 
referenced throughout this paper, are offered in Figure 7 below. 
 
Figure 7:  Tapered Roller Bearing Raceway Geometry Nomenclature 
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It is normal in the tapered roller bearing industry to use crown height, instead of 
radius of curvature or curvature, to identify raceway and roller elliptical contact profile 
geometry.  Prior to calculating the curvature sum and curvature difference in equations 
(16) and (17), the radius of curvature of the raceway or roller contact surface must be 
known.  By utilizing the crown height ℎ𝑐 and center span crown length 𝑙𝑐 in combination 
with the intersecting chord theorem  
𝑟 =
ℎ𝑐
2
+
(𝑙𝑐)
2
8ℎ𝑐
 , (39)  
as illustrated in Figure 8 and discussed by Glaister [27], the radius of curvature on the 
raceway of the component of interest can be determined.  The center span crown length is 
generally specified by the individual bearing manufacturer and the derivation of equation 
(39) may be found in Appendix B.  If the radius of curvature of the crown geometry is 
provided for the specific bearing design being analyzed, this relationship may not be 
required.  However, it is helpful to understand the association of crown nomenclature as it 
is commonly encountered when discussing detailed roller bearing design.   
 
Figure 8:  Relationship between Radius of Curvature, 𝒓, and Crown Height, 𝒉𝒄 
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With regards to tapered roller bearing macrogeometry, the radius of curvature used 
for the cone raceway diameter, at the center of the raceway, may be approximated as 
𝑟𝑖 =
𝑑𝑖𝐿𝐸−(𝑙𝑏𝑜𝑑𝑦) SIN(𝜃𝑖)
2
  (40)  
and the radius of curvature of the central cup raceway diameter may be approximated as 
𝑟𝑜 =
𝑑𝑜𝐿𝐸−(𝑙𝑏𝑜𝑑𝑦) SIN(𝜃𝑜)
2
. (41)  
Where 𝑑𝑖𝐿𝐸 is the large end diameter of the cone and 𝜃𝑖 is the angle of the cone raceway.  
Similarly, 𝑑𝑜𝐿𝐸 is the large end intersection diameter between the cup and the back face of 
the roller and 𝜃𝑜 is the angle of cup raceway.  These design parameters, used to initiate 
calculations related to Hertzian contact stress predictions in tapered roller bearings, may be 
seen in Figure 9. 
 
 
Figure 9:  Tapered Roller Bearing Macrogeometry for Radius of Curvature Calculations 
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In addition to the inner and outer raceway, the radius of curvature related to the 
average roller diameter, may be approximated as  
𝑟𝑟 =
𝐷𝑚𝑎𝑥+𝐷𝑚𝑖𝑛
4
; (42)  
where 𝐷𝑚𝑎𝑥 is the large end roller diameter and 𝐷𝑚𝑖𝑛 is the small end roller diameter of 
the specific roller of interest.   To further identify the significance of the equations above 
for tapered roller bearing analyses, equations (39) - (42) may be used as a starting point for 
the theoretical estimation of surface contact stresses by means of equations (16) - (27).    
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2.4  Special Considerations Related to Hertzian Contact Calculations in 
Tapered Roller Bearings – Roller and Raceway Forces 
 
The balance of the forces between the roller and raceway components in the 
tapered roller bearing system must be understood in order to have confidence in surface 
and subsurface stress predictions.  Once the maximum force on an individual roller is 
estimated using the Stribeck equations [2] or other method, the resultant force on the cup 
raceway, cone raceway, and cone back rib may be calculated (Figure 7).  The normal force 
between the cup and tapered roller may be related to the force applied to the outer diameter 
of the cup, in the plane of symmetry of the roller, through the relationship 
𝑄 =
𝑄𝑚𝑎𝑥
COS(𝜃𝑜)
 . (43)  
This demonstrates that the radial component of the force 
𝑄𝑟 = Q ∗ COS(𝜃𝑜) (44)  
on the roller in the top dead center position of the bearing, which is parallel with the load 
applied to the outer diameter of the cup in Figure 10, is equal to aforesaid cup outer 
diameter load 𝑄𝑚𝑎𝑥.  Furthermore, the component 𝑄𝑟, which is shown to be equivalent to 
𝑄𝑚𝑎𝑥, is assumed to be identical to the maximum individual roller load calculated using 
the Stribeck equations in the analyses that follow.   
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Figure 10:  Forces on Tapered Roller in Bearing 
 
It can be shown, as demonstrated in Appendix C, that the force transferred from the 
cup to the roller is the same as that transferred from the roller to the cone raceway in 
common tapered railroad bearing geometries if the relationship between the angles in 
Figure 10 is: 
𝜃𝑓 =
𝜃𝑜+𝜃𝑖
2
. (45)  
Otherwise, the relationship between the force transmitted from the cup to the roller, 𝑄, and 
from the roller to the cone, 𝑄𝑖, is: 
𝑄𝑖 = 𝑄
COS(𝜃𝑜−𝜃𝑓)
COS(𝜃𝑓−𝜃𝑖)
  (46)  
which is  
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𝑄𝑖 = 𝑄 COS(𝜃𝑜 − 𝜃𝑖)  (47)  
when the flange reaction angle 𝜃𝑓 is assumed to be equal to the cone angle 𝜃𝑖.  Moreover, 
the force between the roller and the back rib of the cone may be calculated as  
𝑄𝑓 =
𝑄(SIN(𝜃𝑜)−COS(𝜃𝑜) TAN(𝜃𝑖))
COS(𝜃𝑓)+SIN(𝜃𝑓) TAN(𝜃𝑖)
  (48)  
for verification of finite element forces. 
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3.  Hertzian Contact and Subsurface Stress Finite Element Modeling in 
Railroad Tapered Roller Bearings 
 
 The thorough review of Hertzian contact theory presented in Chapter 2 will be 
compared with two different finite element modeling methodologies used to study a 
sample railroad tapered roller bearing geometry.  The primary differences in the two 
modeling methods presented include the mesh scheme utilized and the inclusion of the 
contact between the large end face of the roller and the back rib of the cone in the model.  
The advantages and disadvantages of each modeling methodology will be discussed and 
results will be compared to the theoretical predictions of Chapter 2.  All finite element 
analyses conducted were performed using Ansys 15.0 Mechanical software developed by 
Ansys, Inc.  Prior to the detailed explanation of the novel finite element modeling methods 
selected, prior work on the use of finite element as a surface and subsurface stress 
prediction tool will be reviewed. 
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3.1  Finite Element as a Surface and Subsurface Stress Prediction Tool 
 
As shown in equation (15) by Nagatani, some edge loading prediction techniques 
divide the roller race surface up into lamina for calculation of surface and subsurface 
stresses in the bearing [19].  Finite element analysis is another method that can be used to 
subdivide the contacting surfaces and bodies into subdomains for simplification of stress 
calculations.  One source [28] suggests that for a Hertzian stress finite element model of a 
tapered roller bearing, a mesh density around the contact surface that is equal to or less 
than one half of the semiminor axis of the Hertzian contact ellipse should be used.  
Another study [29] has compared the analytical and computational finite element Hertzian 
subsurface stresses in a turbine blade with reasonably accurate results.  Surprisingly, most 
of the prior finite element work specifically related to the Hertzian stress prediction in 
roller bearings assume line contact profiles and do not take into account crown profile 
tolerances.  Many of these studies appear to show singularities near the edge of the contact, 
as would be expected with this type of assumption.  An example of the results of one 
analysis conducted by Dick et al. [1] on a railroad tapered roller bearing with and without 
roller crown is shown in Figure 11.   It can be seen that high stress peaks occur at the edges 
of the contact when crown geometry is not included in the analysis.   
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Figure 11:  Comparison of von Mises Stress (MPa) of Bearing Models with (left) and without 
(right) a Raceway and Roller Crown [1] 
 
As with theoretical Hertzian subsurface stress calculations, the roller load 
distribution in the bearing must be established before individual subsurface stresses under 
each roller can be analyzed using finite element.  Guo [16] notes discrepancies in the load 
deflection factors used in published theoretical models which are frequently used as a 
foundation for roller load distribution calculations.  In particular, it is noted that 
experimental results differ significantly from theoretical load deflection relationships based 
on Hertzian contact theories and that finite element methods may be able to provide a more 
accurate prediction of bearing stiffness.  This difference is noted specifically when 
common raceway thicknesses, seen in available commercial products, are used in 
simulations.  Alternatively, bearing stiffness agreement with published theories is achieved 
if unrealistically thick and rigid raceways are modeled.  Issues related to theoretical roller 
load prediction are beyond the scope of this paper and it will be assumed that the Stribeck 
equations, as detailed in Appendix A, are valid. 
As mentioned in the introduction, continued advancement in the computational 
power of computers and finite element capabilities allow for more complex simulations.  If 
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modeled properly, the following advantages in the surface and subsurface stress prediction 
in tapered roller bearings for railroad applications will be recognized using finite element 
analysis: 
1. Edge loading sensitivity, due to design or adverse application conditions can be 
studied. 
2. Discontinuities and defects resulting from application damage or reconditioning 
practices can be analyzed. 
3. Rigid support assumptions, commonly used in bearing theory, can be evaluated.  
With regard to railcar applications exactly, axle and adapter deflections can be 
included in models. 
4. Rigid body assumptions used for roller load distribution calculations or raceway 
load distribution calculations for multiple row bearings can be evaluated. 
5. The effect of aggressive and uneven loads on raceways in a multiple row bearing 
can easily be evaluated by changing input load conditions. 
6. Non-linear material properties can effortlessly be included in models. 
7. A complete picture of the three dimensional stress state of a given design and load 
combination can be considered for potential areas of improvement.   
8.  Detailed models will allow for easy transition into sensitivity studies of different 
design variables. 
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3.2  Primary Method for Hertzian Contact and Subsurface Stress Finite 
Element Modeling 
 
 To validate the accuracy of the proposed finite element technique for railroad 
tapered roller bearings, a primary finite element model was developed for comparison with 
theoretical surface and subsurface stress predictions.  Standard crown geometries, with one 
continuous radius of curvature, and a roller load that would not result in edge loading were 
employed.   
The crown of the roller and raceway contact geometries were positioned, as much 
as possible with the bearing geometry modeled, so that they would contact the center of the 
opposing crown surface.  As perceived in Figure 12, the center point of each crown was 
identified with a point in the computer aided design model.  It was not plausible to 
perfectly center the roller crown with the inner raceway crown without creating 
interference with the back rib of the cone.  During initial iterations of the finite element 
method, the additional complexities associated with the extra contact region created by 
roller contact with the back rib of the cone were avoided.  Therefore, a negotiated lateral 
location of the tapered roller in the bearing modeled was employed, by placing the roller 
directly in between the front and back rib of the cone. As discussed further below, the 
lateral position of the roller was constrained in this location during the entire primary 
simulation, using contact settings. 
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Figure 12:  Lateral Position of Tapered Roller in between Inner and Outer Raceways with 
Crown Geometry Centered as much as Possible in Primary Finite Element Model 
 
All of the components in the finite element simulation where modeled using the 
material properties of standard structural steel and nonlinear material effects were not 
included in the model.  Material properties associated with the structural steel used in this 
simulation are shown in the Appendix D, Table 4.    
 A contact region was setup between the roller and cup raceway with frictionless 
contact behavior [30] to prevent interpenetration and allow for contact compatibility while 
permitting the two solids to slide relative to each other.  Frictionless contact behavior was 
also modeled between the roller, cone raceway, and cone back rib surface, as shown in 
Figure 13.  All contacts were modeled using the Augmented Lagrange formulation with 
asymmetric behavior [30].  The Augmented Lagrange formulation uses integrated point 
detection between finite element nodes and an augmented term in the contact formulation 
to reduce sensitivity to the magnitude of the contact stiffness in each contact region.  
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Meanwhile, asymmetric behavior assigns one surface in a contact region as the contact 
surface and the other surface in the same contact region as the target surface where only 
the contact surface is constrained from interpenetration of the target surface.    As 
mentioned above, the frictionless contact between the cone back rib and roller interface 
treatment setting was set to “adjust to touch” in order to keep the roller crown centered in 
the middle of the front and back rib of the cone.  The “adjust to touch” setting builds a 
rigid region between two surfaces, eliminating any gap that may exist in the computer 
aided design model.  Centering of the roller crown in this location is not an exact 
simulation of common tapered roller bearing behavior, as previously discussed.  However, 
this allowed for initial finite element simulation results to be simplified for comparison 
with theoretical Hertzian predictions and the results of this method will also be compared 
with another modeling technique that includes contact with the back rib of the cone in 
Chapter 3.5. 
 A contact stabilization force was also used in order to prevent rigid body motion of 
the outer raceway, inner raceway, and roller.  Stabilization is generally only deemed 
necessary during initial substeps of the analysis before contact is established in all regions 
of the model.  However, the influence of the stabilization force on the strain energy 
transmitted through each contact is constant throughout the entire simulation and therefore 
every substep of the analysis.  Given that the primary analysis of the tapered roller bearing 
is static structural in nature, the pseudo velocity 𝑉𝑛 is calculated by the finite element 
software based on the number of substeps specified and the initial gap between contacting 
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surfaces.  This is used along with a contact stabilization factor 𝑓𝑑 to calculate the 
dampening force  
𝐹𝑑 = ∫ 𝑓𝑑𝑉𝑛 𝑑𝐴𝑐 (49)  
over the contact region 𝐴𝑐.  Caution was taken to reduce the contact stabilization factor as 
much as possible in order to achieve the best correlation between finite element and 
theoretical Hertzian contact surface stress predictions.  After several iterations, a contact 
stabilization factor equal to one was determined to provide acceptable results as will be 
discussed further during the presentation of finite element analysis results.    
 
 
Figure 13:  Areas of Contact in the Primary Finite Element Model 
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 For the primary simulation, a hex dominant mesh was used with 15,128,613 nodes 
and 10,771,193 elements (Figure 14).  The mesh was constructed by means of contact 
sizing with a relevance setting of 100% for the raceway roller contacts and a relevance 
setting of 20% for the roller large end contact with the cone back rib.  Additionally, a mesh 
refinement level of three was used on the partitioned surfaces of the roller and raceways, as 
shown below, near the contact surfaces between the roller and raceways (Figure 14).  Edge 
sizing was also used on all contacting edges of the roller and raceway contacts, with a 
fixed element size of .002 inches.  Furthermore, a subsurface refinement was employed 
along the subsurface centerline of the crowned surface of the roller near both the inner and 
outer raceway crown contacts with a refinement level of two, as shown in Figure 15. 
. 
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Figure 14:  Mesh in the Primary Finite Element Model 
 
 
Figure 15:  Mesh Refinement at the Center of the Contact and Edge Sizing in the Primary 
Finite Element Model 
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 With regards to the loads and boundary conditions used in the model, frictionless 
supports were used along faces on the symmetrical plane of the model, through the center 
of the contacting bearing components.  Frictionless supports were also applied to the end 
faces of the cone in order to simulate contact with mating bearing components as well as 
the surface on the center plane of the bearing cup, as shown in Figure 16.  A fixed support 
was used to constrain the model at the inner diameter of the cone, as it is press fit onto the 
axle of the railcar, and a load was applied to the edge of the cup geometry as would 
ordinarily be distributed by a nominal AAR bearing adapter (Figure 16).  It should be 
noted that the impact of the hoop stress produced in the cone due to the press fit with the 
axle was not included in this model or the theoretical predictions in Chapter 2; therefore, 
these stresses were assumed to be negligible.   
 
 
Figure 16:  Load and Boundary Conditions in the Primary Finite Element Model 
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As indicated, the adapter load was assumed to be uniform across the outer diameter 
of the cup during this simulation (Figure 16).   AAR adapters have two load pads, as 
shown in Figure 17, which mate with each raceway of the double row tapered roller 
bearing individually.  Generally AAR adapters do an acceptable job of evenly distributing 
the load across both bearing raceways.  However, as will be discussed in Chapter 4, under 
inordinate load conditions this is not always the case.  Once validated, the finite element 
methods proposed could be used to study the impact of uneven adapter load distributions 
on the stress state inside the bearing.  
 
                
Figure 17:  Association of American Railroads (AAR) Adapter Crown and Load Pads 
 
An overview of finite element results will be discussed below and other settings 
used in the finite element model may be found in Appendix E.  While Ansys Mechanical 
software was used to setup the model, a 64-bit Windows 2008 HPC server with 128 GB of 
RAM and 32 processers was used to compute finite element results using two Ansys HPC 
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software licenses.  It should be noted that the computational limit of the server utilized for 
the analyses presented in this paper was reached and further investment in higher 
performance computing software or random access memory will allow for more detailed 
simulations in the future.  Regardless of the computational limitations, the stress profile 
results achieved are indicative of those that would be expected under Hertzian contact 
conditions and are compared with theoretical results in detail in the next subchapter.   
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3.3  Primary Method for Hertzian Contact and Subsurface Stress Finite 
Element Modeling Results 
 
 To validate the accuracy of the proposed finite element method, initial finite 
element results will be compared with theoretical predictions intended for the identical 
contact geometry.  It can be seen in Figure 18 that von Mises (Equivalent Stress) finite 
element results do not show any signs of edge loading as predicted by theoretical 
calculations related to the same geometry.  Furthermore, an elliptical Hertzian contact 
stress profile is recognized in a cross section of the contact stress results (Figure 19) and 
when looking at the stress profile closely, it should be noted that the peak von Mises stress 
doesn’t occur at the surface (Figure 20).  This is the first indication that subsurface finite 
element stress predictions will match that of Figure 2.   
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Figure 18:  von Mises Contact Stress Results for Primary Finite Element Model 
 
 
Figure 19:  Cross Section of von Mises Contact Stress Results for Primary Finite Element 
Model through Midpoint of Roller 
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Figure 20:  Cross Section of von Mises Contact Stress Results for Primary Finite Element 
Model through Midpoint of Roller at Inner Raceway 
 
Accepting that the primary mode of stress under bearing loads is compressive in 
nature, minimum principle stress results are also of interest.  It can be seen in Figure 21, 
that all of the bearing components are under compression as expected and an elliptical 
contact stress profile is again noted.    
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Figure 21:  Minimum Principle Contact Stress Results for Primary Finite Element Model 
 
As discussed in the introduction, Lundberg and Palmgren probability of survival 
relationships are still the bases of standard industry bearing life predictions.  Maximum 
orthogonal shear stress results, as reflected on by Lundberg and found in equation (2), are 
shown in Figure 22 and Figure 23 for the primary simulation.  It can be recognized when 
looking at these figures, that finite element analysis can be used to determine both the 
maximum orthogonal shear stress depth and magnitude.  With further investment, it is 
possible that this type of simulation technology could be used to refine bearing life 
prediction tools for tapered roller bearings in the railroad industry. 
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Figure 22:  Orthogonal Shear Stress Results in both Inner and Outer Raceway for Primary 
Finite Element Model 
 
 
Figure 23:  Orthogonal Shear Stress Results in Outer Raceway for Primary Finite Element 
Model 
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Numerical surface and subsurface stress values at the center of each contact region 
were also compared with theoretical predictions.  The first comparison between contact 
pressure distributions at the surface of the components is shown below.   The Hertzian 
contact pressure estimated along the semimajor axis of the contact ellipse between the 
roller and outer raceway may be seen in Figure 24.  Meanwhile, the Hertzian contact 
pressure projected along the semimajor axis of the contact ellipse between the roller and 
inner raceway may be seen in Figure 26.  When relating finite element and theoretical 
results, there is a 4.2% and 9.4% difference between finite element results and theoretical 
predictions for the inner and outer raceway maximum Hertzian contact pressure 
respectively.  The greater difference between Hertzian predictions and finite element 
results for the pressure distribution between the roller and outer raceway is thought to be 
due to deflection of the outer raceway.  As shown in Figure 12, the crown geometry of the 
roller and outer raceways were perfectly centered in relation to one another.  Therefore, 
geometric alignment of the crown is an unlikely cause. When looking at the deflection of 
the cup in Figure 25, it can be seen that the flexible behavior of the cup may have an 
impact on the contact stress profile, as the component tends to slightly deflect around the 
roller under the adapter load.  Although the magnitude of the deflection of the cup seen in 
Figure 25 is minimal, not much flexure is required to impact the contact geometry and 
resulting pressure distributions on precision ground bearing components.  Hertzian theory 
assumes the force is completely perpendicular to the contact plane amid two elliptical 
bodies and does not account for bending of the elliptical surfaces in contact.    
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Figure 24:  Hertzian Contact Pressure between Outer Raceway and Roller along the 
Semimajor Axis of the Hertzian Contact Ellipse during Primary Finite Element Analysis 
 
 
0
50000
100000
150000
200000
250000
0.000 0.200 0.400 0.600 0.800 1.000 1.200 1.400 1.600
C
o
n
ta
ct
 P
re
ss
u
re
 (
p
si
) 
Contact Distance (in) 
Calc Hertzian Contact Pressure (psi)
FEA Hertzian Contact Pressure (psi)
 56 
 
 
 
Figure 25:  Deflection of Outer Raceway during Primary Finite Element Analysis with Full 
Scale Results (top) and 200x Scaled Results (bottom) for Enhanced Demonstration  
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Figure 26:  Hertzian Contact Pressure between Inner Raceway and Roller along the 
Semimajor axis of the Hertzian Contact Ellipse during Primary Finite Element Analysis 
 
When comparing Hertzian contact pressure results along the semiminor axis of the 
contact ellipse, there is also a reasonably close correlation between finite element and 
bearing theory (Figure 27 and Figure 28).  Nonetheless, when looking at the contact stress 
distribution along the semiminor axis, it can be seen that finite element results do not 
exhibit the exact same semiminor axis length as equation (24).  This may be another reason 
for the slight difference in pressure maxima outcomes between established bearing theory 
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and finite element results.  This semiminor axis length difference is believed to be due to 
more compliant deflection of the components in the model in order to mate with each other 
in contact than anticipated by Hertzian theory, which assumes infinite radii and normal 
loading without bending. 
 
      
Figure 27:  Hertzian Contact Pressure between Outer Raceway and Roller along the 
Semiminor axis of the Hertzian Contact Ellipse during Primary Finite Element Analysis 
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Figure 28:  Hertzian Contact Pressure between Inner Raceway and Roller along the 
Semiminor axis of the Hertzian Contact Ellipse during Primary Finite Element Analysis 
 
Subsurface stress distributions along the centerline of the roller crown may be seen 
in Figure 29 and Figure 30.  Subsurface stress finite element results also match theoretical 
predictions very well.  All magnitude and depth results corresponded within 10,000 psi and 
.001 inches correspondingly for the inner raceway contact while there was weaker 
correlation between theory and finite element results for the outer raceway contact.  The 
greater deviation between peak surface pressure magnitude on the outer raceway than the 
inner raceway is noted in subsurface stress results as well.  Further details associated with 
von Mises and maximum shear stress result correlations are shown in Table 1.  Although 
there was very good agreement between theory and primary finite element results, other 
modeling options were investigated for lower computational expense and improved 
accuracy, which are discussed in the following subchapter.  
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Table 1:  Correlation between Primary Finite Element Method and Theoretical Predictions, 
Peak Maximum Shear Stress and von Mises Stress, Magnitudes and Depths 
Subsurface Stress Results for Inner Raceway Contact 
Ultimate Stress Parameter Finite Element Bearing Theory % Difference 
Maximum Shear Stress Peak Magnitude (psi) 62915 67905 7.35% 
Maximum Shear Stress Depth (in) 0.008 0.008 0.00% 
von Mises Stress Peak Magnitude (psi) 116460 126152 7.68% 
von Mises Stress Depth (in) 0.008 0.007 12.50% 
Subsurface Stress Results for Outer Raceway Contact 
Ultimate Stress Parameter Finite Element Bearing Theory % Difference 
Maximum Shear Stress Peak Magnitude (psi) 52697 61651 14.52% 
Maximum Shear Stress Depth (in) 0.008 0.009 11.11% 
von Mises Stress Peak Magnitude (psi) 98871 114504 13.65% 
von Mises Stress Depth (in) 0.008 0.008 0.00% 
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Figure 29:  Subsurface Stress between Outer Raceway and Roller at Center of the Contact 
during Primary Finite Element Analysis 
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Figure 30:  Subsurface Stress between Inner Raceway and Roller at Center of the Contact 
during Primary Finite Element Analysis 
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3.4  Second Method for Hertzian Contact and Subsurface Stress Finite 
Element Modeling, Including Back Rib Contact 
 
When the roller was allowed to position itself in the finite element model without 
the adjust to touch setting on the roller interface treatment with the back rib of the cone, the 
roller crown was more focused on the inner raceway crown.  This can be seen when 
comparing Figure 31 below with Figure 12 of the primary finite element simulation.  This 
roller orientation was found to result in a slightly closer correlation between finite element 
and theoretical stress results for the inner raceway, as will be presented below.  
Meanwhile, the outer raceway was constrained slightly asymmetrically in order to 
determine what impact this would have on finite element results (Figure 31). 
 
                                      
Figure 31:  Lateral Position of Tapered Roller in between Inner and Outer Raceways with 
Roller Allowed to Contact the Back Rib of the Cone in Second Finite Element Model 
 
 
  
 
 64 
 
The surfaces in the second simulation were partitioned differently than the first but 
many of the same mesh control and refinement methods were used.  Some of the 
differences between the first and second mesh (Figure 32) include:  increasing the contact 
relevance between the roller and the back rib of the cone to 75%, decreasing the size and 
refinement of the partitioned surfaces near the raceway contacts to a refinement level of 
two, decreasing edge sizing in the raceway contacts to .00175 inches, reducing the 
refinement of the central axis of the roller crown to one, and adding subsurface refinements 
near the edges of the raceway for post processing of subsurface stresses.  This resulted in 
14,489,151 nodes and 10,429,881 elements, which was slightly less computationally 
expensive than the primary finite element method. Meanwhile, all of the loads and 
boundary conditions used in the second model were identical to the first.  Stabilization was 
also used on all of the contact regions in the model to help converge the model but the 
“adjust to touch” constraint between the back rib of the cone and the large end of the roller 
was no longer employed.  This allowed for the contact forces and stresses created by roller 
contact with the back rib of the cone to be analyzed, as will be discussed in the next 
subchapter. 
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Figure 32:  Mesh in Second Finite Element Model 
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3.4  Second Method for Hertzian Contact and Subsurface Stress Finite 
Element Modeling Results, Including Back Rib Contact  
 
When the roller was allowed to position itself in the finite element model without 
the adjust to touch setting on the roller interface treatment with the back rib of the cone, a 
Hertzian point contact stress was created between the back rib of the cone and the large 
end of the roller, as displayed in Figure 33.  The reaction force 𝑄𝑓 in this location is of 
interest and is shown in Figure 34.  After studying the components of the force in Figure 
34, it was discovered that the angle of the reaction force 𝜃𝑓 was in between that of  𝜃𝑖 and 
the average of the inner and outer raceway angles 
𝜃𝑜+𝜃𝑖
2
.  However, it was much closer to 𝜃𝑖 
than 
𝜃𝑜+𝜃𝑖
2
 and the magnitude was within 0.11% of the reaction force calculated using 
equation (48) for the bearing design modeled.  Given that  𝜃𝑓 is nearly equivalent to 𝜃𝑖,  
equation (47) predicts that the reaction force seen by the roller from the inner raceway will 
not exactly equal that of the outer raceway.  This is supported by the finite element results 
from the second finite element analysis presented in Table 2 as a percentage of the applied 
Stribeck load 𝑄𝑚𝑎𝑥. 
 
Table 2:  Forces inside the Bearing as a Percentage of the Applied Stribeck Roller Load  
Force between Bearing Components % of Stribeck Roller Load 
Force between Outer Raceway and Roller Outer Diameter 101.57% 
Force between Inner Raceway and Roller Outer Diameter 101.53% 
Force between Roller End Face and Back Rib of Cone 3.37% 
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Figure 33:  Equivalent Stress Profile on Roller Including Cone Back Rib Contact in Second 
Finite Element Model 
 
 
Figure 34:  Reaction Force 𝑸𝒇 on the Back Rib of the Cone from Second Finite Element 
Model 
 
 Misalignment between the central axis of the roller crown and the central axis of 
the outer raceway crown might have some influence on minimum principle stress results at 
the surface (Figure 31).  However, compared to the impact of outer raceway deflection, 
misalignment of crown geometry appears to be negligible when relating Figure 35 to 
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Figure 24.  Meanwhile the alignment between the roller and the cone crown was enhanced 
during the second simulation, as compared to the primary simulation in Figure 31, which 
resulted in even better correlation between theoretical and finite element results as 
displayed in Figure 36.  
 
 
 
Figure 35:  Hertzian Contact Pressure between Outer Raceway and Roller along the 
Semimajor axis of the Hertzian Contact Ellipse for Second Analysis with Back Rib Contact  
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Figure 36:  Hertzian Contact Pressure between Inner Raceway and Roller along the 
Semimajor axis of the Hertzian Contact Ellipse for Second Analysis with Back Rib Contact 
  
With improved alignment of the crown geometry, the subsurface stresses created 
by roller contact with the inner raceway are illustrated in Figure 37.  This demonstrates that 
the influence of the back rib of the cone contact with the roller end appears to be 
insignificant when analyzing raceway subsurface stresses under frictionless contact.    
Also, subsurface stress results from the improved inner raceway alignment are compared 
with primary finite element results in Table 3.  It can be seen that the second finite element 
method results in better correlation between Hertzian theory and finite element methods.  
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Conversely, as mentioned in the introduction, roller skewing can aggravate the stress state 
in the bearing.  Predominantly with frictional contact, as experienced in actual bearing 
applications, the influence of the back rib contact on the roller with regards to roller 
skewing is still an important consideration when making bearing design improvements. 
 
Figure 37:  Subsurface Stress between Inner Raceway and Roller at the Center of the Contact 
during the Second Finite Element Analysis with Back Rib Contact Included 
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Table 3:  Correlation between Finite Element  Predictions of Peak Maximum Shear Stress 
and von Mises Stress, Magnitudes and Depths, for Primary and Second Finite Element 
Methods  
Subsurface Stress Results for Inner Raceway Contact using Primary Finite Element Method 
Ultimate Stress Parameter Finite Element Bearing Theory % Difference 
Maximum Shear Stress Peak Magnitude (psi) 62,915 67,905 7.35% 
Maximum Shear Stress Depth (in) 0.008 0.008 0.00% 
von Mises Stress Peak Magnitude (psi) 116,460 126,152 7.68% 
von Mises Stress Depth (in) 0.008 0.007 12.50% 
Subsurface Stress Results for Inner Raceway Contact using Second Finite Element Method 
Ultimate Stress Parameter Finite Element Bearing Theory % Difference 
Maximum Shear Stress Peak Magnitude (psi) 65477 67,905 3.58% 
Maximum Shear Stress Depth (in) 0.008 0.008 0.00% 
von Mises Stress Peak Magnitude (psi) 120450 12,615 4.52% 
von Mises Stress Depth (in) 0.008 0.007 12.50% 
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4.  Demonstration of Practical Application of the Finite 
Element Analysis Tool, Discussion of Benefits, and Future 
Work 
 
 Based on the results of the two finite element analyses presented in Chapter 3, it is 
obvious that the proposed modeling methodology can accurately predict surface and 
subsurface bearing contact stresses.  To demonstrate the benefits of the novel modeling 
methodology developed, some different load scenarios and contact geometries are 
discussed in Chapter 4, including those that may result from defective applications.  
Additionally, several areas for future work related to surface stress and fatigue life 
prediction of tapered roller bearings utilized in the railroad environment are proposed.   
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4.1  Bogie Systems and Load Conditions in the Railroad Environment 
 
Tapered roller bearings for railcar applications are precision ground to extremely 
tight tolerances in comparison to the bogie assemblies and railcars that they are designed to 
carry.  Bearing adapters or housings are machined to mate with the outer raceway of the 
bearing in most applications.  The majority of bearing adapters used in freight cars are cast 
with crowned surfaces to evenly distribute the load from the railcar onto the outer raceway 
of the bearing (Figure 17).   Although the adapter crown is designed to compensate for 
some misalignment, either poor bogie design or quality can still have a negative impact on 
bearing life.  Bearing designers in the railroad industry are commonly asked to conduct 
bearing failure analyses on failed bearings in order to determine the root cause of the 
failure.  This is due to the fact that many of the bogie performance issues seen in service 
can be identified through an assessment of bearing condition.  Some of the most frequent 
bogie system issues discovered are related to:  adapter machining, pedestal roof flatness, 
spring group assembly, side frame variation, bogie shift, and bogie warp.   
Alternatively, wheel set issues can also have a detrimental impact on the stress state 
and resulting life of the bearing.  Wheel fatigue resulting in shelling and wheel flats, 
classically caused by railcar breaking system issues, will frequently give rise to impact 
loads that will result in brinelling of bearing raceways.  Brinelling defects are currently 
allowed to return to service, according to current AAR reconditioning standards [15].  It 
has been noted that brinelling defects will often result in fatigue spalling, which is evident 
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by the shape of the spall pattern that occurs in the raceway.  A specific spall pattern occurs 
due to the stress concentrations that surround the brinelled surface (Figure 38). In addition 
to the wheel, the quality of the axle is critical to the performance of the bearing, as even 
slight variations in journal diameter or cap screw hole thread condition can result in a loss 
of lateral bearing clamp which can also lead to fatigue spalling of raceway components.  
Additionally, as previously mention in the Introduction, common rail bearing 
reconditioning standards allow for the repair of spalls by grinding the spalled surface out 
of the raceway.  This practice will commonly result in fatigue spalling around the repair 
due to the stress risers it creates at the surface.  In summary, although all of the common 
bogie system issues cannot be covered, it can be seen that advanced bearing stress analysis 
techniques will not only be advantageous in the optimization of bearing designs, but also in 
the failure analysis of bogie system issues.  Bearing modeling can be used to simulate 
aggressive load conditions and determine if any potential bearing failure modes may result 
from particular bogie issues.  Some examples of common fatigue spalling patterns, that are 
seen as a result of bogie system issues, are shown in Figure 38. 
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Figure 38:  Rail Tapered Roller Bearing Fatigue Spalling Patterns due to a Bogie System 
Issues; Spalling due to Brinelling (top left), Load Distribution Issue Spalling (top center and 
top right), Adapter Issue Spalling (bottom left), Bogie Issue Spalling (bottom center), and 
Repaired Spall Spalling Propagation (bottom right) 
 
Although some experts in the industry are able to ascertain the root cause of the 
failure, based on the damage pattern; it will be helpful to have confidence in advanced 
modeling tools.  These tools can be employed to help predict the degree of misalignment, 
magnitude of load, and displacement of mating components required to cause specific 
types of bearing failures.  Common bearing design theory, including Hertzian contact 
stress and Stribeck load distribution methods are not capable of providing answers.  The 
accomplishment of developing a finite element tool that can accurately predict subsurface 
stresses associated with edge and lateral loading will be very helpful to railroad bearing 
designers. 
As presented in the introduction, in order to reduce cost and simplify bogie 
assemblies, railcar designers often apply the same bearing design to multiple railcar 
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designs with varying load ratings.  The goal of reducing cost and simplifying bearing 
supply is well warranted; however, this presents bearing designers with the additional 
challenge of optimizing these designs to perform adequately in all applications.  Bearing 
designers may also choose to consider imperfect railcar overloading conditions when 
working on detailed designs which will be discussed in more detail in the next subchapter.  
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4.2  Analysis of Contact Stress Under Severe Load Conditions 
 
In the finite element simulations presented in Chapter 3, edge loading was avoided 
to allow for direct correlation with Hertzian contact theory.  As previously discussed, 
commonly in the tapered roller bearing industry, bearing designs with modified line 
contacts are used to attain maximum utilization of the whole length of the raceway.  
Furthermore, railroad bearings often experience aggravated load conditions due to 
application issues, such as the bogie performance issues already conferred.  These types of 
problems often result in edge loading of raceway components and can be identified by 
uneven fatigue between inboard and outboard cup raceways (Figure 38).  Knowledgeable 
industry experts may recognize uneven wear on the adapter crown or outer diameter of the 
cup, displayed in Figure 39, as external evidence of this condition. In order to demonstrate 
the ability of the finite element tool developed to study the surface stresses on a raceway 
under edge load conditions, the Stribeck load in the model considered during the second 
finite element analysis was increased by 200% and 400% of the initial value.  Equivalent 
stress results for each load scenario are compared in Figure 40.  When looking specifically 
at the surface stress along the semimajor axis of the ellipse, it was discovered that surface 
stresses in the middle of the Hertzian contact region still adhered to Hertzian contact 
predictions while the stresses near the edge of the contact deviated from Hertzian theory 
(Figure 41).  This would suggest that Hertzian theory, without the use of finite element 
analysis, can still be used to predict stress magnitudes and locations necessary for the 
 78 
 
selection of material and heat treat specifications for given bearing geometries with 
modified line contact, as long as severe edge loading is not present.       
 
 
  
 
Figure 39:  Indications of Uneven Loading in the Wear Patterns on the Adapter Crown and 
the Outer Diameter of a Cup  
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Figure 40:  Comparison of Equivalent Stress Results for the Second Finite Element Model 
under Different Magnitudes of Adapter Load as follows: the Base Load (top), 200% of the 
Base Load (middle), and 400% of the Base Load (bottom) 
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Figure 41:  Hertzian Contact Pressure between Inner Raceway and Roller along the 
Semimajor axis of the Hertzian Contact Ellipse under Various Loads (Distance along the 
Roller Surface Starting from the Large End (LE) on the Left at 0.000 inches) 
 
 In reference to Figure 41, the potential for skewed contact stress profiles due to the 
misalignment of the roller and raceway crowns, as discussed in Chapter 3, might be 
recognized at each load condition.  Alternatively, the effect of tapered roller geometry on 
Hertzian contact pressure results is more likely the cause for skewing of the contact 
pressure distribution.  When comparing contact pressure results at each load, it should be 
noted that the orientation of the skewed profile can be used to predict which end of the 
roller or raceway will experience the most severe edge loading when it occurs.  For 
example, the edge of the contact region with a contact pressure lower than that predicted 
for a perfectly concentric contact between two elliptical bodies under the base adapter load 
in Figure 41 appears to have less severe edge loading when the adapter load is increased by 
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400%.  The bearing assessment benefits of the finite element tool developed should prove 
very powerful to rail bearing designers when studying the impact of alignment adjustments 
within the bearing, the influence of taper on railroad bearing designs, and detailed design 
modifications related to the prevention of edge load failure.  
 As mentioned, changes in the stress state below the surface due to variations in 
adapter load may also be studied using the finite element methodology developed.  
Demonstrated in Figure 42, the changes to the subsurface stress magnitude and depth due 
to increases in load may be analyzed.  When looking at subsurface stress results at the 
center of the contact, it is interesting that the depth below the surface of the greatest 
maximum shear stress and von Mises stress magnitudes do not seem to change much even 
with a 400% increase in load.  Additionally, subsurface finite element stress results still 
correlate well with Hertzian contact theory, even with the severe edge loading exemplified 
in Figure 41.   
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Figure 42:  Subsurface Stress between Inner Raceway and Roller at Center of the Contact at 
Base Adapter Load and 400% of Base Adapter Load 
 
Finite element may also be used to analyze subsurface stress behavior at the edges 
of the raceway under distressed applications.  This is exemplified in Figure 43, where 
subsurface stress results at both the large end (LE) and small end (SE) of the raceway are 
compared with subsurface stresses at the center of the raceway.   It is fascinating to note 
that, although the magnitude of each stress increases, the location of the peak stress moves 
toward the surface of the component rather than away from it.  This is similar to the stress 
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behavior experienced during lubricant breakdown or starvation, as evaluated by Broszeit 
[22,24] and Harris [8] by superposition of  frictional shear stresses and Hertzian stresses.  
Even though all of the contacts included in the finite element simulations presented were 
frictionless, edge loading conditions still drive stress maxima to the surface.  
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Figure 43:  Subsurface Stress between Inner Raceway and Roller at Center, Large End (LE), 
and Small End (SE) of the Contact under 400% of Base Adapter Load 
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 In addition to variations in load conditions, geometric modifications can also have 
an impact on surface stress results.  As further illustration of how the novel finite element 
modeling methodology can be employed, two different bearing geometries were modeled 
under the same load.  You can see that the load distribution along the semimajor axis of the 
Hertzian contact ellipse of the low crown geometry experiences edge loading while the 
high crown geometry does not (Figure 44).  Also, as might be anticipated, the influence of 
the roller taper on surface stress results is more pronounced on the low crown geometry.  If 
application loads remain constant, an optimized design for this load case may lie 
somewhere in between the low crown and high crown profile, in order to prevent hostile 
edge loading conditions while benefiting from maximum utilization of the total raceway 
length.  Classical Hertzian contact theory, when compared to the length of the raceway in 
the design of interest, can be used to predict the occurrence of edge loading.  However, in 
order to calculate the magnitude of surface stress and subsurface stress under these 
conditions, finite element or other numerical methods are necessary. 
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Figure 44:  Hertzian Contact Pressure between Inner Raceway and Roller along the 
Semimajor axis of the Hertzian Contact Ellipse for Two Different Tapered Roller Bearing 
Geometries Exposed to the same Stribeck Load (Distance along the Roller Surface Starting 
from the Small End (SE) on the Left at 0.000 inches) 
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4.3  Conclusion and Future Work 
 
 
Load scenarios presented in Chapter 4 validate the potential of the novel finite 
element method established.  The wide range of possible applications for the method 
cannot be covered entirely, but a few general examples include: geometric design 
optimization, heat treat specification calculation, fatigue life criterion assessment, and 
assistance with bearing failure analyses.  Further improvement to the tool is possible with 
more iterations of modeling.  Computational expense will have to be balanced with 
accuracy for each application of the practical tool developed; however, a good foundation 
for future work has been accomplished.  After demonstrating the accuracy of the method, it 
is interesting to consider what Lundberg and Palmgren would have done differently if they 
had access to finite element methods for the construction of probability of survival 
relationships and how the bearing industry would be different today?  
With regards to accuracy of the finite element method, contact stabilization 
adjustments could be studies as well as the application of a mesh inflation layer, instead of 
partitioned surfaces for mesh refinement.  Additionally, thinner sections of the inner and 
outer raceway could be tested in order to reduce the size of the model as long as additional 
deflection was not generated. 
The accuracy of the Stribeck equation for tapered roller bearings with thin 
raceways has been questioned.  Although outside of the scope of this paper, this 
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assumption has a huge impact on the results presented and further work related to the 
determination of railroad tapered roller bearing deflection under load is suggested.  Once 
the individual roller load on a given design geometry is known, a practical tool for the 
determination of surface stresses in railroad bearings with different contact geometries and 
load conditions is at hand. 
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Appendices 
 
Appendix A:  Theoretical Stribeck Equation Calculations 
 
 Static roller load distributions in bearing assemblies are commonly calculated using 
the Stribeck equations [2].  Before roller load distribution calculations can occur, load 
deflection relationships for the given bearing design must be developed using Hertzian 
contact theory.  For the bearing load distribution studies conducted as background 
information in this paper, it was assumed that the impact of inertial forces and frictional 
forces were negligible. 
According to Stribeck, roller load approximations may be calculated as follows.  
The contact normal load per roller in the direction normal to the contacting surfaces 𝑄, can 
be related to contact deflection in the direction normal to the surfaces through 
𝑄 = (𝛿𝑖 + 𝛿𝑜)
𝑛 [
1
(
1
𝐾𝑖
)1/𝑛+(
1
𝐾𝑜
)1/𝑛
]
𝑛
  (50)  
where  𝛿𝑜 is the contact deflection of the outer ring contact and 𝛿𝑖 is the contact deflection 
of the inner ring contact.  In equation (50), 𝑛 is 3/2 for point contacts and 10/9 for line 
contacts.  With regards to the load deflection factors 𝐾𝑖 and 𝐾𝑜, these have previously been 
determined to be equivalent to  
2.15𝑥105(∑ 𝜌)−1/2(𝛿∗)−3/2  (51)  
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for steel bearing surfaces experiencing point contact and  
8.06𝑥104(𝑙)8/9 (52)  
for steel bearing surfaces experiencing line contact [2].  Where ∑ 𝜌 is the curvature sum 
for the contacting surfaces, 𝛿∗ is the dimensionless contact deformation calculated using 
Hertzian contact theory, and 𝑙 is the effective roller length. 
 Once a relationship between contact normal load and deflection has been 
established for contacting surfaces, overall bearing deflection behavior may be analyzed.  
For rigidly supported bearings, radial deflection at each given angular roller position 𝜑, is  
𝛿𝜑 = 𝛿𝑚𝑎𝑥 [1 −
1
(1−
𝑃𝑑
2𝛿𝑟
)
(1 − 𝑐𝑜𝑠(𝜑))]  (53)  
and the load at each roller position is 
𝑄𝜑 = 𝑄𝑚𝑎𝑥 [1 −
1
(1−
𝑃𝑑
2𝛿𝑟
)
(1 − 𝑐𝑜𝑠(𝜑))]
𝑛
. (54)  
In equations (53) and (54), 𝑃𝑑 is the diametric clearance and 𝛿𝑟 is the ring radial shift.  In 
order for static equilibrium to be achieved, the sum of the individual roller loads in the 
vertical direction must be equal to the total vertical load applied to the bearing.  This 
relationship can be expressed as 
𝐹𝑟 = 𝑄𝑚𝑎𝑥 ∑ [1 −
1
(1−
𝑃𝑑
2𝛿𝑟
)
(1 − 𝑐𝑜𝑠(𝜑))]
𝑛
𝑐𝑜𝑠(𝜑)
𝜑=±𝜑𝑙
𝜑=0   
(55)  
or 
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𝐹𝑟 =
𝑍∗𝑄𝑚𝑎𝑥
2𝜋
∫ [1 −
1
(1−
𝑃𝑑
2𝛿𝑟
)
(1 − 𝑐𝑜𝑠(𝜑))]
𝑛
𝑐𝑜𝑠(𝜑)𝑑𝜑
+𝜑𝑙
−𝜑𝑙
  
 
(56)  
where 
𝜑𝑙 = 𝑐𝑜𝑠
−1 (
𝑃𝑑
2𝛿𝑟
)  (57)  
is the angular extent of the load zone, 
𝑄𝑚𝑎𝑥 = (𝛿𝑖 + 𝛿𝑜)
𝑛 [
1
(
1
𝐾𝑖
)1/𝑛+(
1
𝐾𝑜
)1/𝑛
]
𝑛
|
𝜑=0
  (58)  
is the maximum roller load, and Z is the number of rollers.  Knowing that the maximum 
roller load will occur at the top dead center position at 𝜑 = 0, the sum of the inner raceway 
and outer raceway deflections can be related to radial ring shift and clearance by 
𝛿𝑖 + 𝛿𝑜 = 𝛿𝑟 +
1
2
𝑃𝑑.  (59)  
If radial clearance and total bearing load are known, the roller load distribution in an 
assembly may be determined by adjusting radial ring shift 𝛿𝑟 until the condition of 
equation (59) is achieved.  Then, using equation (54), the other individual roller loads 
𝑄𝜑, within the angular extent of the contact zone 𝜑𝑙, may be determined. 
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Appendix B:  Derivation of Radius of Curvature to Crown Height 
Relationship for Tapered Roller Bearings 
 
 It is common in the tapered roller bearing industry to use crown height, instead of 
radius of curvature or curvature, to identify raceway and roller elliptical contact profile 
geometry.  The relationship between crown height and radius of curvature in equation (39) 
is derived from the Intersecting Chords Theorem 
𝐴𝑃 ∗ 𝐷𝑃 = 𝐵𝑃 ∗ 𝐶𝑃  (60)  
related to the geometric condition shown in Figure 45. 
 
Figure 45:  Intersecting Chords Theorem for Circle 
 
Considering equation (55) and Figure 8, the variables in equation (55) may be replaced 
with the detailed bearing geometry discussed in Chapter 2 and shown below in Figure 46.  
This substitution results in the relationship 
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ℎ𝑐 ∗ (2𝑟 − ℎ𝑐) =  
1
2⁄ 𝑙𝑐 ∗
1
2⁄ 𝑙𝑐   
(61)  
which can easily be rearranged to derive the relationship in equation (39). 
 
Figure 46:  Relationship between Radius of Curvature 𝒓, Crown Height 𝒉𝒄, and Center Span 
Crown Length 𝒍𝒄 using the Intersecting Chords Theorem 
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Appendix C:  Proof that the Force between the Outer Raceway and 
Roller is Equal to that between the Roller and Inner Raceway when the 
Flange Angle is Equal to the Average of the Inner and Outer Raceway 
Angles 
 
The following proof will demonstrate that the force transferred from the cup to the 
roller is the same as that transferred from the roller to the cone raceway in common tapered 
railroad bearing geometries if the relationship of equation (45) applies to the bearing 
design.  Beginning with the summation of roller forces in the radial direction 
−𝑄 cos(𝜃𝑜) + 𝑄𝑖 cos(𝜃𝑖) − 𝑄𝑓 sin(𝜃𝑓) = 0  (62)  
and the summation of roller forces in the lateral direction 
−𝑄 sin(𝜃𝑜) +𝑄𝑖 sin(𝜃𝑖) +𝑄𝑓 cos(𝜃𝑓) = 0, (63)  
as shown in Figure 47, the relationship 
𝑄𝑖 =
Qcos(𝜃𝑜)+𝑄𝑓 sin(𝜃𝑓)
cos(𝜃𝑖)
  
(64)  
can be established  as well as equation (48) for 𝑄𝑓 by substituting equation (63) into 
equation (62).  Replacing 𝑄𝑓 in equation (61) with equation (48) results,  
𝑄𝑖 = 𝑄 [
cos(𝜃𝑜)
cos(𝜃𝑖)
+
sin(𝜃𝑜) sin(𝜃𝑓)−cos(𝜃𝑜) sin(𝜃𝑓) tan(𝜃𝑖)
cos(𝜃𝑓) cos(𝜃𝑖)+sin(𝜃𝑓) sin(𝜃𝑖)
]  
(65)  
forms a relationship between 𝑄 and 𝑄𝑖 which can be simplified by addition of the fractions 
as 
𝑄𝑖 = 𝑄 [
cos(𝜃𝑜) cos(𝜃𝑓)+sin(𝜃𝑜) sin(𝜃𝑓)
cos(𝜃𝑓) cos(𝜃𝑖)+sin(𝜃𝑓) sin(𝜃𝑖)
]. 
(66)  
Then, utilizing the trigonometric sum and difference identity 
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cos(𝐴 − 𝐵) = cos(𝐴) cos(𝐵) + sin(𝐴) sin(𝐵)  (67)  
equation (65) can be simplified to equation (46).  Furthermore, it can be seen through 
substitution into equation (46), that if equation (45) applies to the bearing design of interest 
that the force transferred from the cup to the roller is the same as that transferred from the 
roller to the cone raceway and correspondingly 𝑄𝑖 is equal to 𝑄.   
  
Figure 47:  Summation of Forces on Tapered Roller Geometry Including Force Components 
in Radial and Lateral Directions 
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Appendix D:  Material Properties Associated with Structure Steel 
Utilized in Finite Element Simulations 
 
Table 4:  Material Properties used in Finite Element Model for all Components 
Material Property Value 
Young's Modulus (psi) 2.9008E+07 
Poisson's Ratio 0.3 
Bulk Modulus (psi) 2.4173E+07 
Shear Modulus (psi) 1.1157E+07 
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Appendix E:  Additional Software Settings for Finite Element Analyses 
 
Table 5:  Additional Settings in Ansys, Inc. Software used for Primary Finite Element 
Analysis 
Finite Element Parameter Value 
Geometric Settings:     
  Nonlinear Effects (all bodies) Yes 
General Contact Settings:   
  Tolerance Value .02 inches 
  Face/Face Yes 
  Face/Edge Yes 
  Edge/Edge Yes 
All Raceway Contact Settings:   
  Type Frictionless 
  Behavior Asymmetric 
  Formulation Augmented Lagrange 
  Detection Method Nodal-Projected Normal from Contact 
  Stabilization Damping Factor 1 
  Pinball Radius .02 inches 
  Time Step Controls Automatic Bisection 
  Interface Treatment Adjust to Touch (Cone Back Rib), Add Offset, 
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Ramped Effects (All Others) 
Mesh Settings:   
  Relevance 100 
  Relevance Center Fine 
  Initial Size Speed Active Assembly 
  Smoothing High 
  Transition  Slow 
  Span Angle Center Medium 
  Shape Checking Standard Mechanical 
Analysis Settings:   
  Initial Substeps 10 
  Minimum Substeps 50 
  Maximum Substeps 1 
  Large Deflections Off 
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